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Comparison of Coordinate-Invariant and Coordinate-Aligned
Upwinding for the Euler Equations
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A floating-shock fitting method for the Euler equations has been developed that uses one-sided spatial differ-
ences along and across streamlines. The coordinate-invariant formulation of the spatial differences permits auto-
matic capture of shears. Results are presented for unsteady shocked flow in a duct with a ramp, for supercritical
flow over a circular cylinder, and for subsonic, transonic, and supersonic (0.3 < M, < 1.5) flow over airfoils. In
flows with strong shears, the coordinate-invariant differencing concept appears to yield some gains in accuracy
over Euler methods that rely on coordinate-aligned differencing concepts. In applications to transonic airfoils,
fitted shocks have a tendency to be predicted upstream of captured shocks, regardless of whether coordinate-in-
variant or coordinate-aligned differencing is used. The coordinate-invariant differencing method requires be-
tween 2 and 3.5 times as much computing time as its coordinate-aligned counterpart.

1. Introduction

T has become a widely accepted practice to construct upwind

schemes for the multidimensional Euler equations with the con-
venient, albeit unlikely, assumption that flow and wave fronts
(such as shocks and contacts) are aligned with grid lines (e.g.,
Refs. 1-4). This assumption makes it possible to immediately
apply proven upwind techniques that have been devised for one-
dimensional flow where wave fronts are always normal to the only
spatial (or flow) direction. Although originally mostly aimed at
mimicking the physics of inviscid flow for achieving flowfield
results of improved accuracy, these one-dimensional upwinding
concepts are being stripped of their physical justification when
applied in a dimensionally split fashion to computations of multi-
dimensional flow. There, their use is primarily justified by their
userfriendliness: upwinding “naturally” introduces numerical
damping that alleviates the need to add and fine tune artificial dis-
sipation as in central-difference schemes.

Attempts to develop upwind schemes for the Euler equations
that account for the actual orientation of flow features such as
shears, sonic lines, and shocks can be categorized into methods
that use some one-dimensional upwinding concept in a locally
rotated reference frame,>” that require a multidimensional flux
function,®10 or a general shock-fitting methodology.!! By concep-
tually ignoring shears, the first approach is the simplest one; still, it
proved effective in applications to simple flows with straight
shock fronts. The second concept accounts for shears and has pro-
duced some promising results for flows with nonsimple (e.g.,
curved) shocks.

This paper belongs in the third category. An Euler solver is pre-
sented that captures shears by solving the governing equations as if
they were written in a streamline and normal coordinate system
and that fits shocks; that is, the solution across shocks, which are
allowed to freely float over the mesh, is updated using a refined
version of the floating-shock fitting technique in Ref. 12. The pur-
pose of this report is to assess the effectiveness of this technique
by benchmarking it with reference solutions obtained with Euler
solvers that rely on coordinate-aligned differencing and, where
feasible, with experimental data.

Details of the formulation of the coordinate-invariant upwind
Euler solver are given in the next five sections. The resulting
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method has been tested in simulations of complex interactions
between shocks and shears as they occur in unsteady shocked flow
in a duct with a ramp. Simulations of external flows with shocks of
nonuniform strength, which produce rotational wakes, helped to
determine whether the shear-capturing property of the present
solver translates into more accurate flowfield results. These test
cases included supercritical flow over a cylinder with inviscid sep-
aration and simulations of subsonic, transonic, and supersonic
flows past a NACA 0012 airfoil.

II. Governing Equations

Upwind methods for the Euler equations are based on the theory
of characteristics. Information about characteristic behavior be-
comes useful along the perimeter of the integration domain, along
discontinuities, and in regions of supersonic flow where it sup-
presses the physically incorrect upstream propagation of signals. A
nonconservative formulation of the governing equations allows
choosing the dependent variables for promoting efficiency and ac-
curacy of an upwind scheme for shock-free flows rather than for
their suitability for a conservative “shock-capturing” formula-
tion.!1-13 For instance, any upwind scheme requires information
regarding the convective speed and the speed of sound to deter-
mine the direction of signal propagation. This points to an almost
“natural” choice of the speed of sound and the convective speed,
expressed in its components with respect to some reference frame,
as dependent variables. Completing the set of dependent variables
with entropy simplifies the set of governing equations (the com-
plex energy equation gets reduced to a simple convection equation
for entropy), and it decouples, as it should, the equation for energy
from the equations for mass and momentum for homentropic flow;
this can benefit the accuracy of the computed flowfield results.!*

Another issue in formulating the governing equations is the
choice of the independent variables. Arranging the governing
equations as if they were written in a linearized (to avoid source
terms stemming from centrifugal and centripetal force terms)
streamline and normal coordinate system yields a form of the
Euler equations that automatically captures shears. There are sev-
eral options for implementing such a coordinate transforma-
tion.!!3 The present formulation adopts Jameson’s “rotated”
differences!® because his differencing concept permits time inte-
gration via a method of lines and because it makes for an easy
transformation from stream-aligned to body-fitted coordinates.

After these preliminaries, the two-dimensional, compressible,
nonconservative Euler equations in a linearized streamline and
normal coordinate system are written as

Q. +AQ;+BQ, =0 ¢))
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with
0 = (au,v,8)"

where a is the speed of sound, &’ the velocity component in flow
direction, v’ the velocity component normal to ﬂow dlrectlon and
S the entropy. While on the streamline, g =4/ (u ) + (v )

with g = convective speed, the velocity component v’ is retamed in
Eq. (1) because its derivatives are generally nonzero. All quantities
are normalized with reference values for pressure, density, and
length (pres, Prep> and [ ¢, respectively). For a polytropic gas at con-
stant y (ratio of specific heats), the reference velocity, temperature,
and time are

Dret = A)pref/pref

brof = Lref/Gres

Tret = Dot/ (RPrep)
2)

where R is the specific gas constant. The nondimensional entropy
is defined as

S =t ( p/p¥)/(2Y0) 3

where 8 = (y— 1)/2.
The coefficient matrices A and B are defined as

g ad 0 0
2
A= a6 g 0 —a @
0 0 g 0
0 0 0
0 0 ad O
B 0 0 0 O s
Tl a0 0 - ®
0 0 0 0

The Jacobians A and B possess distinct sets of eigenvalues,
namely,

A y=diag(hy, Ay, Mg, Mg)u = diag(g - a, ¢, 9.9 +a)
and (6)

A g =diag(hy, Ay, Ay, Ay)p = diag(—a, 0,0, a)

where diag is the diagonal matrix.

The eigenvalues in Eq. (6) point to another advantage of writing
the governing equations in coordinates along and across stream-
lines: the sign of the eigenvalue (A;), changes at true sonic points
and not at spurious sonic points due to a projection of the velocity
field onto an arbitrary coordinate system before evaluation of the
characteristic slopes (example: consider Cartesian velocity compo-
nents u and v with 12 < a2 < u? + v3),

Upon application of a similarity transformation, AQ’., can be
written as

3 3 0 ad
L Mal -t A1, 0], 0,
AQ = > o A1+—2— 0 Ayt 4 ) A+, , 0 A,
0 0 0 1
)
with
A =a,/8-u/.~aS, Ay ="
®
A, =a./8+u,—aS, A, =5,

Similarly,
) )
BQ;=7%*_O1 Ew%f?éz ©
0 0
with
B, = a,/d-v, —aS
(10

o]
1

— ’
a,/d+v, —as,

A comparison of Eq. (8) and Eq. (10) demonstrates how the shear-
capturing quality of the formulation in Eq. (1) comes about: vortic-
ity A, and changes in entropy A, are convected only along stream-
lines but ignored across streamlines. Changes in the extended Rie-
mann variables A,, A,, B,, andB, are transported by acoustic
waves along and across streamlines, which is physically correct
since they are continuous everywhere except across shocks. But
there, solutions are obtained anyway from the exact Rankine-
Hugoniot relations via a floating-shock fitting technique rather than
from finite-difference approximations to Eq. (1).

With the direction cosines & = u/q and¥ =v/q, Q). and Q,. are
expressed locally in terms of arbitrary curvilinear coordinates as

= (£, +E,9) Q4 + (M2 +1,9) 0,

(11}
0, = (& -59) Q0+ (ma-n0) ¢,
Inserting Eq. (11) into Eq. (1) yields
Q'+ (AU +BU*) QL+ (AV+BV*) @, =0 (12)

where the coefficients in Eq. (11) have been compressed into the
expressions U, V, U*, and V*, respectively. The coefficients U
and V are normalized contravariant velocity components, and the
coefficients U* and V* are perpendicular to U and V, respec-
tively.

ITI. Spatial Differencing

Working toward an upwind differencing of the spatial deriva-
tives in Eq. (12), now the Jacobians in Eq. (12) are subjected to a
similarity transformation, which permits rewriting Eq. (12) as

Q'+ {[R(AD)'L], ~ [R(AD) L1} Q%

+ {IR (AU*)'Lg — [R(AU*) L5} @}

+ {[R(AV) L], - [R(AV) L] 4} 0",

+{[R(AV¥)'L]p ~ [R(AV*) L]} Q" =0 (13)

where R and L are the rlght and left eigenvectors, and (AU )‘
(AU *)‘, (AV)" and (AV*) are diagonal matrices formed with
the respective positive and negative eigenvalues. After a transfor-
mation from physical to computational coordinates [i.e., (§, 1) >
(i, N] a semidiscrete finite difference approximation to Eq. (13)
reads

Q'+ {[R(AD)Y LY, +[R(AUSL1gYA; 0’
~{[R(AD) L1, + [R(AT®) L1} A1;+1/2Q’
+{[R(AVY' L1, + [R(AV*Y' LI } A, ,0

~{[R(AV) L1, + [R(AV*) L1} A, ,0° =0 (14)
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where @', and the Jacobians are evaluated at nodes (i, j), and
A”+ 1,2Q" and A i1 /zQ are backward and forward differences of
second-order accuracy in regions of shock-free flow. As in Ref.
12, differences across a shock at nodes bracketing a shock are sup-
pressed by setting the pertinent eigenvalues to zero; differences
across a shock at nodes once removed from a shock front are
avoided by assigning first-order one-sided differences to the perti-
nent eigenvalues.

IV. Time Differencing

A time-implicit operator containing block-tridiagonal matrices
for the two-dimensional Euler equations is given by

[1”({ [R(ADY'L], + [R(AU* L1z A,

—{[R(AD) L1, + [R(AU*) L1} A,

+ {[R(AVYL], + [R(AV¥)L15}A,_,,

~{[R(AV) L],+ [R(AV*) L13}A,, ., )]nA(Q,)n

=-1-RES[(Q)] (15)

where I is the identity matrix, T is the time step, A;.,,, and
Ay, are flrst-order accurate one- -sided spatial difference opera-
tors AONY" = (@) = (Q)", and n denotes the time level.
The algorithm is cast in delta form to compute steady-state solu-
tions that are independent of the time step size. The residual
RES[(Q")"] comprises the spatial differences in Eq. (14) evalu-
ated at the nth time level.

With approximate factorization (AF), a standard noniterative
solution algorithm'® for Eq. (15) is written as

[1+T({ [R(ADY'L], + [R(AU)'L]s} A,

i-1/2

~{IR(AD) L1, + [R(AD*) LIg}A,,,, )}nA(Q’)"

=1 RES[(Q)"] (162)

[1 +1 ({ [R(AVY LI, + [R(AV¥'LIGIA,

—{[R(AV) Lls+ [R(AV*) Lls}A,,, ., )TAQ’

=0 (16b)

n+1

@) = (@) +AQ (16¢)

The time-implicit algorithm described in Egs. (16) is applied
throughout the integration domain, even across fitted shocks.
There, the only modification is that, at nodes immediately to the
high-pressure side of a shock, the time step 7 is set to zero. This
insures that the update of the solution via the Rankine-Hugoniot
relations remains untouched. . .

Note that the matrices [...] , and {...]; as they occur in each
operator in Eq. (16) do not commute. Thus, they cannot be simul-
taneously diagonalized, which precludes implementation of a com-
putationally much more efficient diagonalized version of the AF
algorithm. As shown by the results given later, this disadvantage
along with a higher operations count for evaluating the spatial
derivatives leads to a severe penalty in overall computing time for
the coordinate-invariant differencing approach compared with the
coordinate-aligned upwind scheme from Ref. 12.

V. Floating-Shock Fitting

The present floating-shock fitting technique is a refined version
of its predecessor described in Ref. 12. Particularly in the areas of
accuracy and userfriendliness great strides have been made. The
sketch in Fig. 1 helps to explain some of these improvements.
There, two grid nodes, A and B, bracket a shock, with B lying on
the high-pressure side of the shock. As illustrated in Fig. 1, this
suffices as input for computing the local shock orientation in
velocity space without any geometric input. This is accomplished
by observing that the shock normal runs parallel to the change in
velocity across a shock but in the opposite direction. This can be
mathematically expressed as

N = Aw/|Aw|

where N = (V;, N;)T and w = (u, v) (x and v are Cartesian velocity
components) with

Ny = —(ug—u)/J(ug—u)>+ (vy—v,)?

an

N, = =(vp=v )/ (g —u)2+ (vy—v,)>

Previously,'? the local shock orientation was determined from a
local orthogonal reference frame that was to be constructed along
and normal to a coordinate line, which in the example in Fig. 1 is a
line with n = const. This process was found to be sometimes overly
grid sensitive, and although only being cumbersome in two dimen-
sions, it would add substantial computational expenditure when
extended to three dimensions (which requires the use of reciprocal
basis vectors).

Having defined the shock normal, speed of sound, the Cartesian
velocity components, and entropy at B are computed from the
Rankine-Hugoniot relations

JYM*=8,/1+8M>

(1+8)|M|

g = Ay

M -1

¥p = At TS T

N (18)

YM*- 3§ (1+8)M
S, =S, +]| Yl
BorA [ 1+5 " em?

}/(267)

Note that the present formulation of the Rankine-Hugoniot rela-
tions avoids an explicit calculation of the velocity components tan-
gential to the local shock front, as it was formerly!? required,
despite their constancy across shocks. The symbol M in Eq. (18) is
the relative shock Mach number:

(Nju, +N,v,) -W

[_1)|M|= a,

sign(a;—a

19

i+1

Fig.1 Solution across a shock.
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where W is the shock speed. The shock Mach number M is com-
puted from an implicit relation first proposed by Moretti and
DiPiano!” for one-dimensional flow. Their concept is immediately
applicable to the present floating-shock fitting procedure because
the formulation in Egs. (17-19) is quasi-one-dimensional, as it
requires only knowledge about the orientation of the shock normal.
Following Moretti and DiPiano, a shock parameter X is defined as

_ J(YMZ—S)(HSMZ) +5(M*-1)

p
A+ o)M] 20
Upon inserting Eq. (18), Eq. (20) reduces to
. =aB—SN~(wB—wA) o1

s

which is essentially a normalized difference of a Riemann vari-
able (i.e., a/d — N - w) taken at the two nodes bracketing a shock.
This Riemann variable makes for a sensitive, albeit not always
reliable, shock detector since, in contrast to its counterpart,
namely, a/d + N - w, it is discontinuous even across weak shocks
[i.e., shocks with M = O(1)].

The shock-fitting process is started by evaluating Eq. (21) for
every possible pair of neighboring grid points. If Z as computed
from Eq. (21) exceeds some threshold X; > 1 and satisfies some
other constraints, its value is used in a fixed-point iteration to
determine the shock Mach number M as a solution to Eq. (20). As
to additional constraints, the solution at node A, still assuming it
designates the low-pressure side of a shock, is also required to sat-
isfy the inequality

dr2|q,la, (22)

This makes sure that the flow on the low-pressure side is indeed
supersonic unless it is an unsteady shock that runs into fluid at rest,
as it happens in shock-tube problems. The constraint in Eq. (22)
comes about because X as computed from Eq. (21) can exceed 1
with subsonic input from both nodes A and B. Furthermore, the
cosine of the angle between the shock normal and the line segment
between A and B

_ N}(XA“XB) +N2(yA‘YB)

= (23)
/\/(xA_‘xB)2+ (yA‘yB)Z

needs to be restricted to positive values. For negative g, £ as com-
puted from Eq. (21) is associated with an unphysical expansion
shock rather than with a physically relevant recompression shock.

Another constraint on g is related to the local nature of the
present floating-shock fitting technique that treats each shock frag-
ment in any mesh interval independently from any other shock ele-
ments in neighboring mesh intervals. The advantage of such a
heavily localized approach is that it eliminates the need for a cum-
bersome and computationally expensive organization of shock ele-
ments into a contiguous shock front, which can cause headaches
when shock front bifurcations are encountered or when an exten-
sion of floating-shock fitting to three dimensions is considered. A
drawback of this approach is that it can produce shock fronts that
exhibit a peculiar sawtooth pattern that never gets smoothed out.
This is avoided by requiring g to be always larger than the magni-
tude of the cosine of the angle between the line segment AB and
each of the two diagonals of a computational cell circumscribed in
Fig. 1 by the quadruple G — 1,/ — 1), (i,j— 1), (4, j+ 1), and (i — 1,
Jj + 1). This constraint preconditions the orientation of a shock
fragment in any one mesh interval such that it is compatible with
that of neighboring shock elements. This compatibility condition
allows initially isolated shock fragments to eventually generate a
smooth shock front.

All of these constraints possess the nice property that they are
devoid of adjustable parameters, in contrast to the selection of a
suitable threshold for %, If X, is set too low, the solution gets

swamped with an exponentially growing number of shock points
and breaks down. If 3 is set too high, all shocks degenerate to isen-
tropic recompressions. The desired solution between these
extremes is found through experimentation. Extensive parameter
studies indicate that it suffices to vary X, in increments of 0.01, and
the values for X that produced spatially and temporally converged
flowfield results all lay in a range with 1.01 < Zj < 1.05, corre-
sponding to a bandwidth of shock Mach numbers with 1.02< M <
1.08. Examples of appropriate choices for X are given in Sec. VIL

Once a mesh interval bracketed by A and B is accepted as seat of
a shock, and the solution on the high-pressure side is updated via
the Rankine-Hugoniot relations, the solution at B is obtained from
linear interpolation between actual location of the shock and a grid
node once removed from the shock [i.e., the grid node at ¢ + 1, j)
in Fig. 1]. The shock-fitting process is completed by moving the
shock along the line segment AB by the increment

Ad=At-W/g (24)

The time step size At is to be determined with the constraint that
the Courant-Friedrichs-Lewy (CFL) number is smaller than 1 to
assure that the shock moves by at most one mesh interval per
update. If a shock moves beyond B, the values at A are extended to
B, and vice versa. Initially, a shock is assumed to be centered
between A and B; at any time thereafter, its location is tracked by
evaluating Eq. (24) at each shock update (i.e., at each time level n)
and by accounting for its migration into mesh intervals neighbor-
ing that defined by A and B.

Depending on the relative orientation of shock wave and mesh
lines, B might experience multiple updates. For uniform flow on
the low-pressure side, all updates yield the same result (another
advantage over the shock-fitting procedure in Ref. 12); for nonuni-
form flow on the low-pressure side, the last update is accepted. In
the few occurrences of the latter case of multiple updates, the flow-
field results were unaffected by the selection of the final update.
Let this section be closed with the remark that the formal frame-
work developed in Egs. (17-24) also applies to shocks with the
high-pressure side lying at A rather than B; just interchange the
subscripts A and B.

VI. Boundary and Initial Conditions

For supersonic inflow, all variables are specified; supersonic
outflow conditions are without effect on the flowfield solution. For
subsonic inflow or outflow, the far-field boundary conditions
determined from characteristic-based formulations as readily
found in Ref. 18. Along solid walls, the Cartesian velocity compo-
nents are updated by evaluating

W = Wou— RW (25)

wall
where n is the outward-facing surface normal, and W is the contra-
variant velocity component orthogonal to the wall surface. The
components in W, are computed from linear extrapolation from
the interior of the integration domain, as is entropy. For flow cases
involving a shock reflection off a solid wall, the speed of sound is
updated using one-dimensional Riemann variables.!” Otherwise,
the speed of sound along a solid wall is iteratively calculated from
the momentum equations by simplifying 1, (§ momentum) + n,(M
momentum), which yields with the assumption of the wall coincid-
ing with an 1 = const line

=8 (Gt + &) (g +Myve) = €N, +EM,Daae + (N, + M, Jaay
26)

The boundary conditions along branch cuts are updated by averag-
ing the extrapolates from the interior of the integration domain,
and the calculations are always started from freestream.

VII. Results
Shocked Flow in a Duct

Montagné?® proposed an unsteady flow problem that tests the
capability of an Euler solver to simulate a rapid progression of
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markedly dissimilar flow patterns involving regular and irregular
shock reflections as well as interactions between shocks, expan-
sion fans, and shears. In this problem, a flow in a two-dimensional
channel, whose two sections of constant cross-sectional area are
joined through a ramp of 20% slope (contraction ratio: 0.8), is
started from uniform supersonic conditions (M = 1.6).

In Fig. 2, a computation with the floating-shock fitting method
with coordinate-invariant upwinding is compared with Mon-
tagné’s solution at the same physical time (the different callouts
for the elapsed time are caused by dissimilar reference quantities).
Both solutions are first-order accurate in time and use grids with
151 X 51 nodes. Montagné advanced his solution in global time

M. = 1.55
Mewin = 0.50 coordinate-invariant
AM = 0.0375 upwinding
1.00
75 T =
Yy .50
.25
0 151x51 grid points
L 1 | | ] ] j
0 .5 1.0 1.5 2.0 2.5 3.0
X
coordinate-aligned
upwinding
100 . T=-6 //////U///f/)é\’w
s A -/ "‘ ‘V/;“;//’ " ./\“\\\’\\‘\
| i WL
Y .50 * ,4// ~ W
.25 : AN
0 151x51 grid points
L L | 1 1 1 ]
0 .5 1.0 1.5 2.0 2.5 3.0

Fig. 2 Mach number distribution for unsteady flow in a duct—part 1
(bottom figure from Montagné 2%),

M. = 1.55
Mun = 0.50 coordinate-invariant
AM = 0.0375 upwinding
1.00
75 T =85
Z A
Yy .50
.zst
0 151x51 grid points
1 | L L | ] !
0 5 1.0 1.5 2.0 2.5 3.0
X
coordinate—aligned
upwinding
1.00
75 | T=10
1
Y .50
.25 Ll
0

151x51 grid points

N 1 | | I | ]
¢] .5 1.0 1.5 2.0 2.5 3.0

Fig.3 Mach number distribution for unsteady flow in a duct—part 2
(bottom figure from Montagné?®).

coordinate-invariant upwinding
—————— coordinate-aligned upwinding

61x33 grid
2 IS S S IV SN N A N B

0 20 40 60 80 100 120 140 160 180
circumferential angle

Fig. 4 Surface pressure distributions for supercritical flow over a cir-
cular cylinder.

steps with CFL = 0.8. The present solution is computed with con-
stant time steps of T = 0.02, and shocks were fitted if the shock
parameter X exceeded a threshold of Zy = 1.05. For smaller values
of X, the impinging shocks clung to the walls rather than being
reflected; that is, multiple shock points developed along the walls
with the shock normals describing sawtoothed shock fronts. Either
plot of Mach number contours shows basically the same flow fea-
tures. An oblique shock, anchored at the foot of the ramp, reflects
irregularly off the ceiling of the duct, with a downward-running
reflected shock hitting the ramp just upstream of a strong expan-
sion fan that is centered at the head of the ramp. This expansion
fan interacts with a shear that emanates from the triple-shock point
and runs into the remnants of a regular shock reflection close to the
outflow cross section.

Using the same layout as in Fig. 2, the comparison between the
present coordinate-invariant upwind method and Montagné’s
coordinate-aligned upwind solver is repeated in Fig. 3 for a later
point in physical ‘time. Figure 3 shows that the Mach stem has
grown in size and pushed the triple-shock point upstream. The
shear, springing off the triple-shock point, runs down the duct first
into the expansion fan, which is still rooted at the shoulder of the
ramp, and eventually into a shock that has begun to form at the
ceiling at about x = 2.1. Although it might be moot to dwell on the
differences in the shapes of the contacts and in the shapes and
strengths of the shocks in Figs. 2 and 3, it is fair to say that the
coordinate-invariant upwinding with floating-shock fitting yields
crisper representations of both shocks and shears than Montagné’s
shock-capturing method with coordinate-aligned upwinding.

Supercritical Flow over a Circular Cylinder

Salas was the first to discover that transonic inviscid flow over a
circular cylinder admits separated flow as a valid solution to the
Euler equations.?? For flow with M., > 0.5, a recompression shock
forms on the leeside cylinder surface. The associated loss in total
pressure causes the leeside stagnation point to move upstream. At
the stagnation point, the vorticity generated across the shock gets
shed into the flow. This vorticity bundles up into a shear layer that
rolls up to form a recirculation bubble.

Figure 4 compares surface pressure signatures for supercritical
flow (M.. = 0.5) over a circular cylinder as computed with the
present coordinate-invariant upwind scheme with results obtained
with the coordinate-aligned upwind method from Ref. 12. Both
methods used the present shock-fitting technique with shocks
being fitted if the shock parameter £ exceeded a value of 1.04,
which was found to be the minimum threshold for X that still led
to convergent computations. Either calculation was run for 3000
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Smex = 0.150 coordinate-invariant
S,y = 0.005 upwinding
1.00 As = 0.005 61x33 grid points
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Yy .50
.25
0
L I I 1 1 1 j
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Smex = 0.150 coordinate-aligned
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Fig.5 Entropy contours for supercritical inviscid flow over a circular
cylinder.

coordinate-invariant upwinding
——————— coordinate—aligned upwinding
experiment [Harris, 1981]

0 .2 4 6 .8 1.0

Fig. 6 Surface pressure distributions for a supercritical NACA 0012
airfoil.

cycles using local time stepping with CFL = 1.0. In both cases, the
L, norm of all residuals was reduced by almost five orders of mag-
nitude using 32-bit word arithmetic; the coordinate-aligned
upwind method was more than twice as fast as its coordinate-
invariant counterpart. The grid parameters such as grid extent (8
body diameters), grid density (61 X 33), and grid stretching lie
within the specifications which defined the grids used in Salas’
workshop.?? The coordinate-invariant upwind differencing pre-
dicts a recompression shock that is located at 105 deg (measured
from the windward stagnation point), 3 deg upstream of and con-
siderably weaker than the shock in the result from the coordinate-
aligned upwind method. Both surface pressure distributions indi-
cate flow separation at a circumferential angle of about 140 deg
and nonuniform surface pressure distributions in the recirculation

region, with the coordinate-aligned upwind method predicting
higher suction.

The entropy contours in Fig. 5 illustrate the flowfields associ-
ated with the surface pressure distributions in Fig. 4. In both cases,
entropy is, as it should be, generated only across the recompres-
sion shocks. The stronger shock in the coordinate-aligned solution
(more contours are emitted) produces a recirculation bubble with a
much more pronounced vortical structure, which, in turn, gener-
ates a stronger suction on the leeward part of the cylinder. These
differences in the flowfield characteristics are commensurably
reflected by the respective drag coefficients that are ¢, = 0.06974
for the coordinate-aligned solution and c; = 0.05892 for the coor-
dinate-invariant computation.

Transonic Airfoils

More practical examples of flows with rotational wakes down-
stream of nonuniform shocks are supercritical flows past airfoils.
Figure 6 shows a comparison of surface pressures for a lifting
NACA 0012 airfoil (M., = 0.8 and & = 1.4 deg) as computed with
the present coordinate-invariant upwind scheme and with the coor-
dinate-aligned upwind differencing from Ref. 12. Again, both
methods use the present floating-shock fitting technique. For refer-
ence purposes, experimental data?® are included as well, and if
only to judge the discrepancies between experiment and numerical
modeling. The angle of attack, which is not the incidence in the
wind tunnel, reflects the effects of the tunnel walls that has been
quantified using the analysis of Ref. 24, as suggested by Harris.?
A far-field correction'® accounting for the upwash effects of the
lifting airfoil on the far-field solution has been used in the Euler
simulations that were run on identical 161 X 33 C-type meshes,
with 133 points lying on the airfoils surface. The radial extend was
6 chords, the maximum spacing of the first node off the surface
was about 1% chord, and the radial stretching is characterized by a
ratio of two consecutive radial mesh widths of about 1.1. These
specifications lie well within the parameter spaces for typically
employed Euler meshes. The shocks were fitted for the shock
parameter X exceeding minimum values of 1.01 and 1.02 for the
coordinate-invariant and for the coordinate-aligned method,
respectively. These thresholds for X represent the respective min-
ima for X, for which well-converged results were obtained for sev-
eral subsonic values of M., for several angles of attack, including
nonlifting (o = 0.0 deg.) cases, and for mesh densities of 81 X 17,
161 X 33, and 321 X 65 nodes. The computed surface pressure
signatures in Fig. 6 come to lie almost perfectly on top of each
other, suggesting that the conceptual advantage of the coordinate-
invariant method (i.e., the capture of the rotational wake) yields

coordinate-invariant upwinding
——————— coordinate-aligned upwinding
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Fig. 7 Convergence summary for a supercritical NACA 0012 airfoil.
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Fig. 8. Grid dependency of computed lift for a supercritical NACA
0012 profile.
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Fig. 9 Grid dependency of computed wave drag for a supercritical
NACA 0012 profile.

only insignificant if any gains in accuracy compared with coordi-
nate-aligned upwinding.

The convergence summaries in Fig. 7 for the computations in
Fig. 6 give a flavor of what is meant with the preceding remark
about well-converged answers. Contrary to frequent experiences
with flow solvers that make an attempt to base upwinding on flow
features rather than on grid orientation, 19 the solution computed
with the coordinate-invariant upwinding converged as well as that
with coordinate-aligned differencing. In either case, the L, norm of
all residuals was reduced with about the same spectral radius
(0.9860 vs 0.9867). The convergence performance in Fig. 7 was
achieved using 32-bit word arithmetic, but this time on a more
powerful workstation than in the previous simulations of supercrit-
ical flow past a cylinder. This let the disparity of the associated
computing times grow: the coordinate-invariant upwind method

required about 250% more computing time than the coordinate-
aligned upwind scheme.

The variations of lift and drag with mesh density in Figs. 8 and 9
address the issue of spatial convergence of the resuits in Fig. 6. In
these grid refinement studies only the grid density was varied
without changing the grid stretching or the grid extent. Results are
shown for the coordinate-invariant upwind method and for the
coordinate-aligned upwinding from Ref. 12, with both these meth-
ods using the present floating-shock fitting technique. Also shown
are results from Euler solutions with two established shock-captur-
ing methods, namely, CFL2D (here used with Roe’s flux-differ-
ence splitting and second-order one-sided differencing of the
inviscid flux terms, see Refs. 2 and 25 for details) and FLOMG (as
described in Ref. 26), which were run on the same meshes as the
shock-fitting methods. The predominant result of these grid refine-
ment studies is that the shock-capturing codes and the shock-fit-
ting methods predict distinctly different asymptotic values for lift
and wave drag. Surface pressure plots (not shown here) reveal that
the fitted shocks on the two finer meshes come to lie upstream of
the captured shocks. It should be noted that the fitted shocks move
aft with increasing values of the threshold X, but even for values
of X, as high as 1.05, the locations of the fitted shocks are pre-
dicted to be upstream of those of the captured shocks. Further-
more, it should also be pointed out that the present shock-fitting
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results exhibit more grid sensitivity than in previous computa-
tions,?” where the threshold ¥, was lowered as the meshes got
coarser rather than being kept constant as in the present computa-
tions with floating-shock fitting.

When lift effects were eliminated from the supercritical case
(ie., M, = 0.8 and a = 0.00 deg), shock-capturing and shock-fit-
ting results were in quite close agreement with each other as well
as with experimental surface pressure data; this could be a conse-
quence of the reduced strength of the recompression shocks com-
pared with that of the upper-surface shock observed for the condi-
tions used in Fig. 8. Repeating the mesh refinement study in Figs. 8
and 9 for subcritical flow (M, = 0.63 and o = 2.00 deg) demon-
strated that any of the present shock-fitting schemes and FLOMG
predicted asymptotic lift and drag (i.e., ¢, = 0) in very close agree-
ment. Additional grid refinement studies with both floating-shock
fitting methods on O-type rather than C-type meshes for supercrit-
ical (M., = 0.800) lifting (a0 = 1.40 deg) as well as nonlifting flow
past the NACA 0012 profile produced results very similar to those
in Figs. 8 and 9. These results leave one with two possible explana-
tions for the differences in the asymptotic values for lift and wave
drag as predicted with the shock-fitting and the shock-capturing
methods in Figs. 8 and 9: they are a consequence either of 1) some
yet unidentified logical or coding mistake or of 2) the different
treatment of the recompression shocks. Shock-capturing schemes
determine the jump in entropy across shocks from some numerical
dissipation scheme, whereas shock-fitting schemes predict the
entropy production across shocks via the exact Rankine-Hugoniot
relations.

The variations of lift and drag with freestream Mach number in
Figs. 10 and 11 for a NACA 0012 airfoil at constant angle of attack
(o = 1.40 deg) illustrate the respective performances of the present
coordinate-invariant differencing and of the coordinate-aligned
upwinding from Ref. 12 over a wide speed range. Both schemes
employ the present floating-shock fitting technique, with the
threshold parameter X, kept at 1.01 and 1.02 for the coordinate-
invariant and for the coordinate-aligned upwind scheme, respec-
tively, for all freestream Mach numbers smaller than 1. For M, >
1, both schemes invoked the shock-fitting procedures for X > 1.05.
For subcritical flow (M., < 0.65), both sets of computations, exper-
imental data, and results from similarity agree quite well. For
supersonic flow with M., > 1.4, both Euler solutions are also in
good agreement with similarity. This is a consequence of the triv-
ial entropy distributions associated with these speed regimes. For
subcritical flow, there are no shocks at all. Thus, entropy is con-
stant throughout the integration domain. For supersonic flow, the
shock system is composed of a bow shock just upstream of the air-
foil nose with a very small subsonic pocket and by a pair of fishtail
shocks anchored right at the trailing edge. Except for rather con-
fined regions in the neighborhood of the airfoil, the curvature of
these shocks is negligible, and, thus, for the most part the flow can
be assumed as homentropic. In the transonic regime, both Euler
solvers correctly pick up the transonic drag rise but overpredict
maximum lift. For 0.9 < M_, < 1.1, the flow becomes highly rota-
tional, which leads to some differences in the predictions with the
coordinate-invariant and the coordinate-aligned upwind scheme,
which are, however, of little practical value due to the neglect of
viscous shear fluxes in the mathematical model.

VIII. Conclusions -

An extension of Jameson’s concept of rotated differences for the
full potential equation to the Euler equations has been imple-
mented into a time-implicit floating-shock fitting method. The re-
sulting technique has been used to assess the effectiveness of coor-
dinate-invariant upwinding in comparison to coordinate-aligned
differencing. Coordinate-invariant upwinding indeed appears to
yield some gains in accuracy in flows with strong shears. Since
these improvements in accuracy come at a steep extra computa-
tional expenditure, there is little reason to favor the coordinate-in-
variant approach in applications to two-dimensional flow where
coordinate-aligned upwinding can easily compensate its disadvan-

tage in accuracy by using finer meshes. However, this picture
might change for three-dimensional flows, where relatively crude
unadapted meshes are often dictated by limited computer memory.
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